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Abstract

Experimental measurements and Monte-Carlo (MC) modelling of the birefringence—strain, stress—strain and stress—optical behaviour of
poly(ethylene terephthalate) (PET) are used, together with the analysis of orientation—strain and conformation—strain behaviour reported in
Paper I, to give a detailed, quantitative interpretation and characterisation of its deformation-related properties. The difference between the
stress—strain and stress—optical behaviour of PET that had been reported previously is confirmed. Except for the stress, the measured values
of all the properties studied are in agreement with those calculated using the MC modelling, which suggests that not all of the junctions or
the chains in the entangled PET network are elastically active.

The results given by Kuhn and Griin theory are compared with those given by the MC modelling. The expected shortcomings of Kuhn
and Griin theory are found. However, distinct from the behaviour reported previously for polyethene, the theory can be used to evaluate,

semi-empirically, the stress—optical coefficient of PET.
© 2007 Elsevier Ltd. All rights reserved.
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1. Introduction

The birefringence of a polymer has been long recognised as
a valuable tool for estimating the molecular orientation that
can arise during melt extrusion or the subsequent stretching
processes during or after solidification. The classical inter-
pretation of the stress—birefringence and strain—birefringence
behaviour of a rubber is provided by the Kuhn and Griin
theory [1,2], based on Gaussian, freely-jointed chains. How-
ever, recent studies by Stepto and coworkers [3—6], modelling
Saunders’ data [7] for polyethene (PE), have shown that the
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Kuhn and Griin theory is not quantitatively accurate for that
polymer. In contrast, using the Monte-Carlo (MC) network
model of Stepto and Taylor [8,9], combined with detailed cal-
culations of segmental orientations, it was possible to calculate
exactly [3,4,6] the experimental values [7] of the stress—opti-
cal coefficient, C, of PE and the dependence of C on the molar
mass of the network chains. Key to the quantitative modelling
of experimental data is (1) an accurate rotational-isomeric-
state (RIS) model of the polymer chain being studied; (2) a
network model that does not treat all chains as the “average”
network chain, but accounts for the different stresses devel-
oped by chains lying at different angles to the strain direction,
as well as for the non-affine behaviour of individual chains; (3)
a detailed evaluation of average segmental orientations in
external co-ordinates as functions of strain; and (4) correct
values of bond polarisabilities.
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In this paper, we address the more difficult problem of the
stress—optical behaviour of poly(ethylene terephthalate), for
which there are two distinctly different methods of producing
molecular orientation. Firstly, significant orientation can be
produced by winding-up tapes or filaments at moderate or
high wind-up speeds. Secondly, extruded sheets or filaments
can be stretched, most usually at temperatures just above the
glass-transition temperature, T,, where homogeneous defor-
mation can be obtained. It has been shown that, in both cases,
a satisfactory approach to obtain quantitative predictions of the
molecular orientations is to assume that they are developed in
a manner similar to that expected for a rubber-like network
[10—12]. In the case of the fibre-spinning process, it can be
considered that the filaments cool rapidly to form an entangled
network which is stretched due to the tension in the threadline.
For comparatively low degrees of orientation, where crystalli-
sation has not occurred, the oriented filament is akin to a frozen
stretched rubber and, if subsequently heated above T,, a
“shrinkage stress” is developed which has been interpreted
as a rubber-like entropic stress. In the case where an extruded
non-crystalline sheet or filament is stretched at temperatures
just above T,, a similar interpretation has often been made,
i.e., it is assumed that, for draw ratios below about 2.5, where
no crystallisation is observed, the orientation process is again
akin to the stretching of a rubber-like network [13].

The Kuhn and Griin model has therefore been applied
extensively to the deformation behaviour of PET, and it has
been very successful in producing consistent correlations
between stress, strain and birefringence for spun yarns, drawn
fibres and drawn films [13]. A key result of the Kuhn and Griin
model is that there is a direct proportionality between the
stress and the birefringence, i.e., a constant stress—optical co-
efficient. Because it is more difficult to measure the stress than
the birefringence in the spin line, this simple relationship has
proved very useful to fibre technologists.

The Kuhn and Griin model is, however, not based on an
understanding of the actual molecular structure. In view of
the development by Stepto and coworkers of the detailed
MC molecular modelling of stress—optical behaviour [3—6],
it has therefore been appropriate to revisit this area of research
on PET and provide experimental support by infra-red mea-
surements of changes in molecular conformation and molecu-
lar orientation, in addition to measurements of birefringence
and shrinkage force. Previous investigations [10—12,14,15]
have been directed at the stress—optical behaviour of spun
fibres or the measurement of molecular orientation by spectro-
scopic methods (infra-red, Raman, or NMR). None of the
previous studies has involved a comprehensive set of measure-
ments, such as those described in the present group of papers,
and the interpretation has always been based either on the
Kuhn and Griin model or on the Ward aggregate model [16],
both of which are based on simple phenomenological model-
ling rather than actual molecular behaviour.

Unfortunately, initial application of the MC approach to
modelling the stress—optical behaviour of PET did not meet
with the same success [17] as that achieved for PE. Appar-
ently, higher values of birefringence were measured than

would have been predicted from the observed stress—strain
behaviour (modulus) of the networks. The investigation and
unravelling of the origins of this inconsistency have been com-
plicated, resulting in the present group of three papers. They
have necessitated, as described in Paper I [18], direct measure-
ments of conformer populations and segment orientations as
functions of strain, as well as their detailed modelling using
individual bond orientations and conformations. These mea-
surements and calculations have confirmed the particular RIS
model appropriate for bulk PET [19—21] and the applicability
of the MC-modelling method to that polymer. Following the
work in Paper I, Paper II [22] has described the computational
protocols for calculating birefringence (A7) taking account of
the detailed geometry of the PET chain and the conformational
dependence of the polarisabilities of the glycol segments.

The present paper uses new experimental birefringence—
strain and stress—strain measurements on PET together with
the RIS model from Paper I and the computational protocols
of Paper II for calculating values of A7 to give a quantitative
modelling of the measured birefringence—strain properties of
PET. In addition, the reason for the difference between stress—
strain and stress—optical (birefringence—stress) properties
noted previously [17] is resolved.

2. Experimental studies

With PET it is possible to produce oriented material having
a moderate but significant degree of molecular orientation but
no crystallinity. As stated, this can be achieved, either by melt-
spinning and winding-up tapes or filaments at moderate wind-
up speeds, or by tensile drawing above the glass-transition
temperature, T, to modest draw ratios and, in both cases, rapid
quenching to room temperature. The oriented material is akin
to a frozen, stretched elastomer, so that, if it is subsequently
heated to a temperature above T, an entropic stress is devel-
oped [10—13].

In the present work, the sample of PET used in Paper I, of
M, = 195 x 10* g mol ! (chains of ca. 100 repeat units), was
used. It had been melt extruded at 533—553 K and quenched
to room temperature [23]. As described in Paper I, tensile-
test-piece samples were made, drawn uniaxially at 85 °C to
various deformation ratios, A, and quenched again to room
temperature. Infra-red (IR) measurements were used to deter-
mine, as functions of A, the percentage of gauche glycol con-
formers and the average orientation of terephthaloyl units to
the draw direction. The densities, p, were also measured. In
addition, for the present paper, A7ii was measured and, finally,
the true shrinkage stresses, ¢, were measured after heating the
samples to 80 °C and allowing the entropic shrinkage force to
develop. The values of the various quantities determined
experimentally will be shown in figures in this paper, along-
side their predicted values.

3. Monte-Carlo modelling

The Monte-Carlo (MC) modelling of segmental orienta-
tion and birefringence in Papers I and II, respectively, is
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extended in the present paper to include stress—strain behav-
iour. Details of the MC network stress—strain modelling
method, particularly as applied to PET, have been given
elsewhere [20,21].

The temperature for the calculations was set at 523 K, as
for the calculations of Papers I and II and the previous model-
ling [19] of the experimental values of ((r*)/M ). As stated
in Paper I, it was checked that the use of 523 K rather
than a temperature within the temperature range at which
the PET sample was formed, 533—553 K, produced negligible
changes in the properties calculated.

4. Comparison of experimental and MC modelling
results

4.1. Orientation—deformation and conformation—
deformation behaviours

In Paper I, it was shown that the new MC RIS model for
PET [19—21] predicted the changes in the average orientation
of the terephthaloyl segments and in the gauche glycol con-
formations on drawing. The experimental data, based on IR
measurements, could be fitted well on the basis of a network
of PET chains of about 10 repeat units in length. These exper-
imental and modelling results were summarised in Figs. 7 and
9 of Paper L.

4.2. Birefringence—deformation behaviour

Paper II described the protocols for calculating the birefrin-
gence of drawn samples and these have been used to produce
the curves in Fig. 1(a) and (b) of the present paper. Fig. 1(a)
shows the birefringence—deformation behaviour of PET
up to a deformation ratio, A, of A = 2 and Fig. 1(b) up to
A= 5. In both figures, birefringence, A7, is plotted versus
22— 2", The calculated curves for chain lengths of 8—12
repeat units, using the bond polarisabilities of Denbigh [24],
are equivalent to those of Fig. 10 of Paper II. (Indeed, the
same calculated results for the chain length of 10 repeat units
are shown in Fig. 1(a) and (b) of the present paper and in
Fig. 10 of Paper 1II.)

There is scatter apparent in the experimental values of A7
in Fig. 1(a). (There are negligible errors in the measured
values of A as they can only arise from changes in the positions
of reference lines marked on the specimens.) The experimental
results are situated around the calculated values of A7 for
chains of between 9 and 10 repeat units. Use of the Bunn
and Daubeny [25] or the LeGrand and Scacchetti bond polar-
isabilities [26] gives calculated curves of the same shape but
shifted with respect to those in Fig. 1(a). The Bunn and
Daubeny bond polarisabilities result in the experimental
results being situated around the calculated values of A7 for
a chain of 9 repeat units and the LeGrand and Scacchetti
bond polarisabilities mean the experimental results are situ-
ated around the calculated values of A7i for a chain of 11
repeat units. All these behaviours can be considered consistent
with the variations in terephthaloyl orientation and glycol
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Fig. 1. Experimental and calculated birefringence—deformation behaviour of
PET plotted as A7 versus 22— 27!, with 2 the deformation ratio. (a) Results
up to A = 2. (b) Results up to A = 5. The calculated values of A7 are for
chains of 8—12 repeat units at 523 K according to Denbigh bond polarisabil-
ities [24].

conformation with deformation analysed in Paper I, according
to which entangled PET networks behaved as networks of
chains of about 10 repeat units in length.

The general agreement between experiment and calculation
at the lower values of A is perhaps more clearly seen in
Fig. 1(b). Also, in that figure, the effects of crystallisation
are apparent above A = 2.5 when A7 becomes increasingly
larger than expected as crystallisation increases. This behav-
iour is in agreement with that discussed in Paper I in relation
to the change of % gauche glycol conformations with de-
formation. Fig. 7 of Paper I shows that a faster decrease in
% gauche glycol conformations than expected occurs for
A> 2.5, consistent with the onset of crystallisation and indicat-
ing an enhanced transformation of the glycol units from
gauche to trans, the latter being the only conformation present
in crystalline regions.

4.3. Stress—strain behaviour

Fig. 2 shows the measured and predicted stress—strain
behaviour, with reduced true stress, #/RTp, plotted versus
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Fig. 2. Experimental and calculated stress—strain behaviour of PET plotted
as reduced true stress, #/RTp, versus 22— 27", Calculated curves from MC
modelling of networks of chains of 8—14 repeat units in length at 523 K.

22— 27" tis the true stress and p the density. Given the
successful modelling of the changes with A* — 2~! of average
orientation of the terephthaloyl segments (Paper I), % gauche
glycol conformations (Paper I) and A7 (Fig. 1) on the basis of
chains of 9—11 repeat units in length, Fig. 2 shows that,
particularly at the smaller deformations, lower stresses than
expected have been measured. The measured stresses appar-
ently indicate a lower modulus with an average entanglement
chain length of about 15 repeat units. This larger value of the
average chain length agrees with that deduced by Matthews
et al. [27] from measurements on PET under pure shear. How-
ever, the present integrated studies show that a more likely
explanation is that the lower modulus is due to not all of the
entanglements defining the PET network of chains of 10—11
repeat units in length being able to support stress. One can en-
visage slip-links, as proposed by Ball et al. [28]. Alternatively,
one may consider that not all of the network chains may be
elastically active. Also, it may be noted that the parent chains
are too long (about 100 repeat units) for the reduction in mod-
ulus to be due to inelastic loose ends. Each parent chain con-
stitutes about 10 network chains of 10 repeat units in length.
Hence, loose ends, equivalent to about one network chain
per parent chain, can only account for about 10% of the
network chains and a 10% reduction in modulus.

The proposed explanation of the lower modulus can be
deduced from the following reasoning. The plots in Fig. 2
can be described by the equation [8,9,20]

AN PWIE STV
RTo = M0 25(2 —1/2) + (X +2 3/1)(”7 (1)

obtained by differentiating the equation for the Helmholtz
energy,

AA/NRT =s(X* +2/2—3), (2)

with respect to sample length. M. in Eq. (1) is the molar mass
of the elastically active chains and N in Eq. (2) is the number
of moles of elastically active chains in the network. For a net-
work of Gaussian chains behaving affinely, s = 1/2. In reality,

s varies with A in a way that is characteristic of chain structure
and conformational behaviour. Accordingly, the curvature of
the calculated plots in Fig. 2 is due to the variation of s with
A. The initial slopes of the plots are determined principally
by the first term in Eq. (1) and are approximately equal to
2s/M.. However, because N = pV/M,, where V is the volume
of the network, the factor 1/M. in Eq. (1) can be replaced
by (N/V)(1/p) and, as s = 1/2 for A near 1, the initial slopes
of the plots in Fig. 2 are equal to (N/V)(1/p). Hence, the initial
slopes of the plots in Fig. 2 can, in fact, be interpreted as being
proportional to N/V, the molar concentration of elastically
active chains, on average 9—11 repeat units in length, in the
network. Accordingly, the slope of the line defined by the
experimental points in Fig. 2 is from about 0.53 to 0.67 of
the initial slopes of the theoretical curves for chains of 9—11
repeat units, with an average value of 0.59. Hence, only about
0.6 of the entanglements or chains defining the PET network is
able to support stress. In contrast, all the entanglements or
chains contribute towards restricted conformational freedom
and, hence, to help define the segment-based properties,
terephthaloyl orientation, % gauche glycol conformations and
A7 as functions of deformation.

4.4. Birefringence—stress (stress—optical) behaviour

Fig. 3 shows Afi versus the reduced true stress, #/RTp, using
the data from Figs. 1(b) and 2 and from earlier work [10,17].
According to Kuhn and Griin theory [1,2], both ¢ and A7 are
proportional to 22—t and, hence, to each other. Their ratio,
strictly as A — 1, defines the stress—optical coefficient, C,
namely,

c— (%)H (3)

C is also predicted to be independent of molar mass.

The experimental results in Fig. 3 are all generally in agree-
ment with one another. The theoretical curves from the de-
tailed molecular modelling show upward curvature and only
a slight sensitivity to chain length. The upward curvature
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Fig. 3. Experimental and calculated birefringence—stress (stress—optical)
behaviour of PET plotted as Afi versus reduced true stress, #/RTp. Present
experimental results and results from Refs. [10] and [17]. (a) Calculated curves
from MC modelling of networks of chains of 8—14 repeat units in length at
523 K using Denbigh bond polarisabilities [24].
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results from the nonlinear birefringence—deformation and
stress—strain curves in Figs. 1(b) and 2. As discussed previ-
ously with regard to stress—strain behaviour [8,9,20], the cur-
vature at the higher values of A or #/RTp may be exaggerated
by the modelling. However, even at the lower values of A or
t/RTp there is a significant difference between experiment
and theory apparent in Fig. 3. This was the discrepancy that
had been noted previously [17] and was then attributed to
the distribution of entangled chain lengths, with the shorter
chains becoming more highly extended and leading to larger
values of A7i being measured than were expected. In contrast,
the present work, with its combined measurements and model-
ling of several properties (terephthaloyl orientation, % gauche
glycol conformations, A7i and f) of the same samples as func-
tions of A* — A" suggests that it is in fact the measured stress
that is the inconsistent property.

In Fig. 3, the experimental results at the lower values of A7
define a slope (=C/RTp) that is about 1.5 times the expected
value on the basis of the Denbigh bond polarisabilities.
Thus, if the experimental values of 7 are increased by a factor
1.5, agreement with the MC-modelling results is obtained. Use
of the lower Bunn and Daubeny bond polarisabilities gives
similar calculated curves, but with lower slopes. They would
require the experimental values of 7 to be increased by a factor
of about 1.7 to give agreement with the modelling results. On
the other hand, use of the higher LeGrand and Scacchetti bond
polarisabilities would require the experimental values of 7 to
be increased by a factor of about 1.3 to give agreement with
calculation.

4.5. Summary

Overall, the terephthaloyl orientation and glycol conforma-
tion (Section 4.1) and birefringence (Section 4.2) of PET are
correctly modelled as functions of deformation using network
chains of 9—11 repeat units in length and the RIS chain model
appropriate for bulk PET. Stress is the one property on which
experiment and modelling do not agree. Lower values of stress
are measured than those predicted by modelling. The simplest
explanation of this phenomenon is that not all of the chain
entanglements defining the PET network are of sufficient sta-
bility to be able to support stress or not all of the PET chains
are elastically active. This explanation is in contrast with that
published earlier [17] on the basis of less comprehensive
measurements, when it was assumed that the stress had been
measured correctly and, hence, it was deduced that larger
values of birefringence than expected had been measured.

5. Comparison of MC-modelling results for PET and
polyethene (PE) with classical Kuhn and
Griin behaviour

It is important to compare the relationships between orien-
tation and stress and strain that are predicted by the detailed
MC modelling of PET and PE [3—6] with those given by
the classical treatment of Kuhn and Griin [1,2], based on
Gaussian, freely-jointed chains. From the comparison, the

shortcomings and usefulness of the Kuhn and Griin approach
can be assessed.

Fig. 4 shows (P»(cos {;.p)) versus %> — 27! for PET chains
of 8, 11 and 14 repeat units. As expected, orientation increases
as chain length decreases. Close inspection of the MC-model-
ling results shows that they give curves with slopes that
first increase and then decrease as one moves away from the
origin in both the positive and negative directions. In contrast,
Gaussian Kuhn and Griin theory predicts straight lines that
follow the equation

<p2(cos:mp)>::g%g(xz-xfl), @)

where m is the number of links in the freely-jointed chain
equivalent to the real chain. The equivalent chain, with m links
of length /, has the same mean-square and maximum end-
to-end distances, (r2> and 7., as the real chain of n skeletal
bonds, with

(r2) = mi® (5)
and

Fnax = ml (6)
so that

m=roy /(). (7)

The dashed lines in Fig. 4 are for m =7.49, 10.12, 12.79,
which, according to the RIS model for bulk PET [19—21], are
the equivalent chains for real PET chains at 523 K of 8§, 11,
14 repeat units or 48, 66, 84 skeletal bonds. (By coincidence,
the number of freely-jointed links is approximately equal to
the number of repeat units.) The slopes of the Gaussian
Kuhn and Griin lines are significantly less than the average
slopes of the curves from the detailed modelling and the
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Fig. 4. Calculated PET repeat-unit orientation for PET chains at 523 K as
a function of deformation, plotted as (P»(cos {cep)) versus 22— 271 MC mod-
elling of networks of chains of 8, 11 and 14 repeat units in length (ngy =8, 11,
14). — — —: values calculated from Kuhn and Griin theory using Gaussian
chains of m equivalent freely-jointed links, with the values of m corresponding
to the actual chains.
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difference between the slopes decreases as chain length
increases.

The corresponding MC-modelling plots of (P,(cos {)) ver-
sus 2> — 27! for PE chains [4] also showed nonlinear behav-
iour. (For PE, { is the angle between a skeletal C—C bond
vector and the draw direction.) However, at shorter chain
lengths (e.g. n =40, where n is the number of skeletal C—C
bonds) the slopes of the Gaussian Kuhn and Griin lines are
lower than the average slopes of the curves from the detailed
modelling, as for PET, whereas, at longer chain lengths (e.g.
n =80, 220) the slopes of the Kuhn and Griin lines become
higher than the average slopes of the curves from the detailed
modelling. Thus, Kuhn and Griin predictions are difficult to
apply as the sense and the size of their deviations from actual
molecular behaviour are dependent on chain structure.

A detailed analysis of the MC-modelling results and the
results of Kuhn and Griin theory for PE [4] showed that the
linear relationship between (P,(cos {)) and 2=t predicted
by Kuhn and Griin theory arises from the assumed indepen-
dence of £, the angle between the segment (bond) vector and
the chain end-to-end vector, and ¥, the angle between the
chain end-to-end vector and the draw direction. The indepen-
dence means that (Py(cos {)) is effectively evaluated using the
equation

(P2(cos 0)) = ((P2(cos £)),) * (P2(cos ¥,)) (8)

based on the Legendre addition theorem [29]. (P,(cos £)); is
the average value of P,(cos&) for the segments of chain i,
((Py(cos £)),) is the average value of (Py(cos&)); over all the
chains, i, of the network, and (P,(cos ¥;)) is the average value
of P,(cos y;) over all the chains, 7, of the network. On the other
hand, the detailed MC modelling accounts for the dependence
of the average segment orientation in a chain on the orienta-
tion of the end-to-end vector (i.e., more extended chains
tend to be more aligned to the draw direction) and (P,(cos {))
is evaluated using

(P2(cos {)) = ((P2(cos £));+ Pa(cos ¥;)), ©)

so that (Py(cos £)); and P,(cos ;) are not pre-averaged. (cf.
Eq. (12) of Paper I and Egs. (33), (46) and (51) of Paper II.)
It is the interdependence of & and y that gives the nonlinear
relationship between (P(cos {)) and 22— 17'. For PET, the
same arguments hold true with { being .., and § being &cp.

Following the work on PE [4], the nonlinearity of plots of
(P(cos Lrep)) Versus 22— 27" is analysed in terms of the
deformation—orientation coefficient, Z,, defined [3,4] by the
equation

(P2(co8 L)y =Z; (2 = 271). (10)

Fig. 5 shows the variation of Z, from the detailed MC mod-
elling with AA for chains of 7, 10 and 14 repeat units. (The
change of the chain lengths shown between Figs. 4 and 5 is
not significant.) Z; has been evaluated assuming (P»(cos Crep)>
and A — A~" are directly proportional to each other between
A=1 and 1+ AA. It should be emphasised that, relative to
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Fig. 5. Calculated deformation—orientation coefficient, Z;, versus AA, the range
of deformation ratio from A = 1 over which Z; and 2> — 2! are assumed to be
directly proportional to each other. PET chains of 7, 10 and 14 repeat units.

the range of deformations covered in Fig. 4, Fig. 5 refers to
small deformations. For example, AA=0.2, or A=1.2, the
maximum deformation shown in Fig. 5, corresponds to
22— 21=0.61, much less than the maximum value of
2> =2 "' =4 shown in Fig. 4. According to Kuhn and Griin
theory Z, is a constant. The theory is strictly only valid as
A— 1 and Fig. 5 shows that only for AA less than about
0.0025 (0.25% strain) Z; can be considered to be constant.
That is, only over this small range of deformation are
(P2(cos rep)) and 22— 27! linearly related. As A increases
beyond about 0.0025, Z; increases sharply to a slowly varying
value, with the amount of increase depending on chain length.
These slowly varying, higher values for different chain lengths
occur over the ranges of values of AA used experimentally
for small deformations, say, 0.1 <AA<0.2,0or 1.1 <A< 1.2,
corresponding to 0.30 < A* — A~' < 0.61 in Fig. 4. In Fig. 5,
the change in Z;, as AA increases is larger for shorter chains,
i.e., the nonlinearity of the (P,(cos {yep)) versus 2= plots
in Fig. 4 is more marked for shorter chains. Overall, similar
behaviour to that shown in Fig. 5 was found for PE chains
[4], except that the limiting region of constant Z; extended
to larger values of AA, reaching AA=0.03 for about 200
skeletal bonds.

Unfortunately, the limiting, constant values of Z, as AA —
0 in Fig. 5 are not equal to those given by Kuhn and Griin
theory, for which

Z,=1/5m. (11)

The differences between the values of Z; predicted by Kuhn
and Griin theory and those from detailed molecular modelling
are shown in Fig. 6, where the values Z, for PET and PE chains
at AA=0.0025 and 0.01, respectively, are plotted versus 1/m
and compared with the values expected for Gaussian chains.
It can be seen that higher values of Z; are predicted for
freely-jointed, Gaussian chains than those given by the de-
tailed MC modelling at values of A very near 1. It should be
noted that the limiting regions of A < 1.0025 used to evaluate
Z, for PET in Fig. 6 are not detectable in Fig. 4 as it corre-
spond to 2> —A~'=0.0075. In this region, and in contrast
to the behaviour at larger values of A*—A~' discussed
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Fig. 6. Calculated limiting deformation—orientation coefficient, Z,, versus
reciprocal of chain length, 1/m, where m is the number of freely-jointed links
in the statistically equivalent Gaussian chain. PET chains at 523 K. PE chains
at 298 K. Gaussian points given by Z; = 1/5m.

previously, the slopes of the Gaussian lines in Fig. 4 (i.e., the
values of Z,) are higher than those predicted by the MC
modelling.

In Fig. 6, PET chains show less deviation from Gaussian
behaviour than PE chains. This relative behaviour is consistent
with their stress—strain behaviour, where the deviations of
PET chains from affine, Gaussian behaviour were found to
be less than those of PE chains [21,22]. Although the PET
repeat-unit structure is relatively stiff because of the terephtha-
loyl unit, the cis—trans isomerism of that unit and the flexibil-
ity of the glycol unit mean that the repeat-unit vector easily
changes its orientation over a large range of angles. Hence,
the directions of sequential repeat units are only loosely corre-
lated with each other and the chain approaches freely-jointed
behaviour more closely than the PE chain, for which more
than 10 skeletal bonds are equivalent to 1 freely-jointed link.
As stated previously, for the PET chain, 1 repeat unit is
approximately equivalent to 1 freely-jointed link.

Related to Z; is the stress—orientation coefficient, Z, [3,4]

7 <<P2(cos Crep)>RTp>A—>ll (12)

t

From Eqgs. (12) and (4) and the Gaussian stress—strain rela-
tionship (Eq. (1) with s=1/2 and ds/dA =0), the Kuhn and
Griin expression for Z; can be written
M. M,n

Z =—<="°T 13

""5Sm 5 m (13)
As usual, M, is the molar mass of the network chains of m
equivalent links or n skeletal bonds and M, is the average
molar mass per skeletal bond. Comparison with Eq. (11)
shows that

Z,=M.Z,. (14)

Hence, as with Z;, if linear behaviour between (P»(cos {yep))
and 2> — A" over different ranges of AA is assumed then
different values of Z, will result. Accordingly, if Z, is plotted

0.050

T,
0.040 A

PET,Gaussian

0.030 N
N PE,Gaussian

PET, AA=0.0025

0.020 A
0.010 wl
0.000 T T T T
0.000 0.050 0.100 0.150 0.200 0.250

1/m

Fig. 7. Calculated limiting stress—orientation coefficient, Z,, versus 1/m. PET
chains at 523 K. PE chains at 298 K. Gaussian points given by Eq. (13) or (14).

versus AA then plots similar in shape to those shown in
Fig. 5 for Z; versus AA are found. As may be expected from
the Kuhn and Griin expressions for Z, Eq. (13), the limiting
values at A = 1 are less sensitive to chain length than the
limiting values of Z, shown in Fig. 6. The insensitivity occurs
because the characteristic ratio n/m, the number of skeletal
bonds per freely-jointed link, is only a slowly varying function
of n or m. The variation of Z; with 1/m is shown in Fig. 7 for
PET and PE chains and for their equivalent, freely-jointed
counterparts, with Z, evaluated from Eq. (13) or (14). Again,
as for Z,, Gaussian Kuhn and Griin theory gives values of Z,
that are too large and the differences between Kuhn and
Griin chains and real chains are smaller for PET than for PE.

Egs. (3) and (12) show that the stress—orientation coeffi-
cient, Z, may be related to the experimental stress—optical
coefficient, C, by the equation

_ CRTp
N Aflmax '

Z (15)

Accordingly, Fig. 8 shows stress—optical plots with the exper-
imental and calculated results of Fig. 3 for chains of 10 repeat
units, together with the values of A7 for infinitely long Gauss-
ian chains, calculated using Afi,,x = 0.262, corresponding to
the Denbigh bond polarisabilities. Egs. (3), (13) and (15)
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| a Reference 10
0.030 m Reference 17
0.025 | PET 10 a a
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VYL
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S e Gaussian m = oo, Afi, = 0.262
0.005 A - s :
. o
ry e
0.000 & T T T T
0.00 0.40 0.80 1.20 1.60 2.00
tRT),

Fig. 8. Experimental and calculated birefringence—stress (stress—optical)
behaviour of PET plotted as A7i versus t/RTp. Details as Fig. 3 together
with limiting plots for infinitely long Gaussian chains according to Kuhn
and Griin theory, Eq. (16).
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show that the dashed, Gaussian Kuhn and Griin line in Fig. 8 is
described by the equations

t M, . t
AL = Z, Aty —— = —2 (ﬁ) ARty (16)
RTp 5 \m/« RTp

where (n/m), is the limiting value of n/m for infinitely long
chains. Considering first the theoretical and modelling results,
it can be seen that Kuhn and Griin theory and the detailed MC
modelling apparently agree at low stresses, i.e., in other words,
as A — 1. This agreement is not expected from Fig. 7 and it
occurs because the region of very small stress or deformation
(A < 1.0025 or AZ < 0.0025), where the results of the detailed
MC modelling and Kuhn and Griin theory do not agree, is too
small to be detected in Fig. 8. The points shown in Fig. 8 from
the detailed MC modelling come from values of Z, or Z; at the
larger values of AA (see Fig. 5). At these values of AA, the
values of Z, for PET from Kuhn and Griin theory shown in
Fig. 7 happen to agree approximately with those from the de-
tailed MC modelling. Thus, the agreement at small stresses
shown in Fig. 8, although useful, is fortuitous. Indeed, for
PE, Kuhn and Griin theory cannot be used as it gives values
of the stress—optical coefficient that overestimate those from
detailed MC modelling at the larger values of AA (>0.1) by
some 25% [5,6].

Comparison of the experimental with the theoretical and
MC-modelling results in Fig. 8 shows that, for PET, both
Kuhn and Griin theory and detailed molecular modelling using
the Denbigh polarisabilities predict a stress—optical coeffi-
cient at the lower end of the experimentally attainable de-
formations or stresses that is about 0.67 (=1/1.5) of the
measured value. (Use of the Bunn and Daubeny bond polaris-
abilities predicts a coefficient that is about 0.59 of the mea-
sured value and use of the LeGrand and Scacchetti bond
polarisabilities predicts a coefficient that is about 0.75 of the
measured value.) The agreement between Kuhn and Griin
theory and the results of detailed molecular modelling in the
region of experimentally accessible deformations mean that
birefringence measurements can, in fact, easily be applied to
calculate the residual stress in melt-spun PET. The measured
value of Afi, together with the dashed Kuhn and Griin line
of Fig. 8 for Afi,x =0.262 can be used to predict a value
of stress; this value is then simply multiplied by about 0.67
to give the actual stress.

6. Conclusions

Using combined measurements of segmental orientation,
conformational population, deformation, birefringence and
stress, together with detailed molecular modelling, it has
been possible to explain the deformation-related properties
of bulk PET. The origin of the previously observed difference
between stress—strain and stress—optical behaviour has been
clarified.

The IR measurements and molecular modelling in Paper I
have shown that the change of average orientation of the
terephthaloyl units and the change of % gauche glycol

conformers with deformation are consistent with bulk PET
behaving as an entangled network having chains of about 10
repeat units in length (Figs. 7 and 9, Paper I). The effects of
crystallisation occurring when A = 2.5 are apparent in an in-
crease in density and a faster decrease in % gauche glycol con-
formers as 4 increases above this value (Figs. 6 and 7, Paper I).

Paper II established the protocols for calculating A7i of PET
accounting for the detailed chain structure and the conforma-
tional flexibility of the repeat unit. Accordingly, Fig. 1(a) and
(b) show that, in agreement with the orientation and confor-
mational results of Paper I, the changes in A7 as a function of
deformation follow the behaviour expected for chains of 9—11
repeat units. This range of chain lengths encompasses the
predictions resulting from the use of the Bunn and Daubeny,
Denbigh, and LeGrand and Scacchetti bond polarisabilities.

The measured stress as a function of A is less than that
expected from the measured segmental orientation, conforma-
tional population and birefringence of a network in which all
the chains of 9—11 repeat units in length are assumed to be
elastically active (Fig. 2). The present combined measure-
ments of terephthaloyl orientation, % gauche glycol confor-
mations, birefringence and stress show that (in contrast to
earlier conclusions) it is the measured stress that is lower
than expected and not the birefringence that is too high. The
entanglements that define the network chains and the seg-
ment-based properties (orientation, conformations, birefrin-
gence) are not all sufficiently permanent to support stress or
not all the network chains are elastically active. It should be
possible to test the validity of this conclusion by studying
PET networks with permanent junction points. Also, the frac-
tion of entanglements that is elastically active could well de-
pend on the rate at which strain is applied. This possibility
also needs further investigation. Due to the low measured
values of stress, the stress—optical coefficient is about 1.5
times higher than expected on the basis of the Denbigh bond
polarisabilities (Fig. 3). The corresponding factors for the
Bunn and Daubeny and LeGrand and Scacchetti bond polaris-
abilities are 1.7 and 1.3, respectively.

Comparison of the MC-modelling results with the predic-
tions of Kuhn and Griin theory shows that the latter is quanti-
tatively in error regarding the dependence of repeat-unit
orientation on deformation (Fig. 4). Moreover, the MC model-
ling shows that the deformation—orientation coefficient, Z;, is
not constant, independent of deformation (Fig. 5). Kuhn and
Griin theory applies to the region 4 — 1. However, at very
small deformations, the values of Z; and the stress—orientation
coefficient, Z,, for different chain lengths are shown to be over-
estimated by Kuhn and Griin theory (Figs. 6 and 7). Also, the
differences between the results of Kuhn and Griin theory and
those of the MC molecular modelling are found to be larger
for PE chains than for PET chains. This relative behaviour is
attributed to the smaller deviations of PET chains from affine
Gaussian behaviour at small strains compared with those
shown by PE chains. If calculated results for PET at the
(larger) deformations accessible experimentally are used,
Kuhn and Griin theory and detailed MC modelling are found
to predict similar stress—optical coefficients (Fig. 8). Such
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an agreement is fortuitous and is not found for PE chains,
where Kuhn and Griin theory gives a stress—optical coefficient
that is some 25% too large. The agreement in the case of PET
does, however, enable measured values of A7 to be used to
predict, in a semi-empirical fashion, the stress in the melt-
spun polymer.

As deformation or stress is increased further, comparison
between the results of detailed MC modelling and Kuhn and
Griin theory for PET shows that the latter increasingly under-
estimates Z; and Z, (Figs. 4 and 8). This behaviour is different
from that found previously for PE [4], for which, at shorter
chain lengths, the values of Z; and Z, are lower than those
from the detailed MC modelling, as for PET. However, at
longer chain lengths the Kuhn and Griin values of Z; and Z,
become higher than those from the detailed MC modelling.
Thus, Kuhn and Griin predictions are, in general, difficult to
use as the sense and the size of their deviations from actual
molecular behaviour are dependent on chain structure.
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